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Abstract. We study the general rational solution of the Yang-Baxter equation with the 
supersymmetry algebra s£(2|l). The R-operator acting in the tensor product of two arbitrary 
representations of the supersymmetry algebra can be represented as the product of the simpler 
’’building blocks” - 7?.-operators. 
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1 Introduction 

In the previous paper pp we have shown that the general R-matrix can be represented as the 
product of the much more simpler 7^-operators. In this paper we shall consider the general 
rational solution of the Yang-Baxter equation with the supersymmetry algebra sl{2\l) and show 
that there exists the same factorization. In fact all calculations are very similar to the s^(3)- 
example and modifications due to supersymmetry are simple. The generalization of the previous 
results PP to the algebra of supersymmetry is mainly motivated by the possible applications to 
the super Yang-Mills theory laiaiiaEi. 

The presentation is organized as follows. In Section 2 we collect the standard facts about the 
algebra s£(2|l) and its representations. We represent the lowest weight modules by polynomials 
in one even variable (z) and two odd variables (0,6) and the s^(2|l)-generators as hrst order 
differential operators. We use the notation and formulae from the paper [Hj. In Section 3 we 
derive the defining relation for the general R-matrix, i.e. the solution of the Yang-Baxter equation 
acting on tensor products of two arbitrary representations, the elements of which are polynomials 
in variables Zi,6i,9i and Z 2 , 02,02- In Section 4 we introduce the natural dehning equations for 
the 7?.-operators and show that the general R-matrix can be represented as the product of such 
much more simple operators. 

Finally, in Section 4 we summarize. In Appendix we calculate the matrix elements of the 
7^-operators and as consequence obtain the matrix elements of R-matrix in full agreement with 
the results of the paper [S]. 

2 s/(2|l) lowest weight modules 

The superalgebra s^(2|l) has eight generators: four odd V^,W^ and four even S, and B. 
Using the natural notations 

E 31 = S- ; E 21 = -W- ; E 32 = V- ; E 13 = S+ ; E 23 = W+ ; E 12 = V+ 

Ell = B — S ; E22 = — 2 B ; E33 = B -|- S. 

the commutation relations for the generators of s^(2|l) can be written compactly in the form [HIEl 
[Eab, Ecd] = Scb^ad - ; A, B,C,D = 1,2 ,3 


2 

















where the graded commutator is dehned as (we choose the grading 1 = 3 = 0, 2 = 1) 

[Eab, Ecd] = Eab ■ Ecd - ■ Eab. 

There are two central elements laiziiini 

C 2 = i = S2-B2+S+S-+V+W”+W+V- ; C 3 = ^ 5^(-)^+^E^bEbcEca 

AB ® ABC 

The Verma module is the generic lowest weight 5^(21 l)-module Va ; A = {i,b). As a linear space 
Va is spanned by the basis with even elements a^, 

afc = S^ao , fc = 0 ,l, 2 --- ; = S^’^W+V+ao , fc = l, 2 --- 

and odd elements v^, 

Vfc = S+V+ao ; = S+W+ao , A; = 0,1, 2 ■ ■ ■ 


The vector ao is the lowest weight vector: 


S_ao = V_ao = W_ao = 0 ; Sao = £ ■ slq ; Bao = b ■ slq 


We shall use the representation Va of sA(2|l) in the infinite-dimensional space C[Z] where 
Z = {z, 6 , 6 ) of polynomials in even variable z and odd variables 6 , 9 with the monomial ba¬ 
sis and lowest weight vector ao = 1 |H]- The action of s£( 2 |l) in Va is 

given by the hrst-order differential operators 

S“ = -(9 ; V~ = 80 + ^9d ; W“ = 80 + ^98 (2.1) 


V+ = 


Z80 + ^ 9 z 8 + ^9980 


{£ - b)9 ; W+ = 


Z80 + ^ 9 z 8 + ^9980 


S’*" = z ‘^8 + z 980 + z 980 + 2£z — b99 ; S = z 8 + ^980 -I- + £ ] B = ^980 

It is possible to derive the closed expressions for the elements of the basis 


{£ + b)9 
^980 + b 


a, = S’l-1 = {2£\ 






; hk = S"-'W+V+-1 = 


£-b 

2 £ 




z+\b + £+-\ - 99 


^k-l 


Vk = S^V+-1 = -{£-b){2£+l)kZ^9 ; = S^W+■ 1 = -{£ + h){2£ + l)kzH ; (2£), = 

It is evident that for the generic £ 7 ^ —| the module Va is an irreducible lowest weight s^(2|l)- 
module isomorphic to Va but for the special values of the spin £ = —\ there exists the hnite 
dimensional invariant subspace. There are three cases depending on the relation between b 
and n 013 iin]. The hrst case is for generic b 7 ^ (typical representations) and there exists 
the 4n-dimensional invariant subspace. The second and third cases appear for b = (atypical 
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representations). For the chiral representation 6 = — | the (2n+l)-diniensional invariant subspace 
is spanned on the vectors 




k = 0...n ; Wfc = 9z^ , k = 0...n — 1 


and for the antichiral representation b = ^ the (2n+l)-dimensional invariant subspace is spanned 
on the vectors 

( 99 \ ^ 

z + — j , k = 0...n ; Vfc = 9z’^ , k = 0...n — 1 
We shall use the three-dimensional chiral representation V.In the basis 

00 

ei = S+ ■ 1 = —z + ^ ) ^2 = W+ -1 = 9, 63 = 1 


the s.^( 2 |l)-generators take the form 


0 0 0 
w_ = I -1 0 0 
0 0 0 

0 0 0 
; w+ = I 0 0 1 
0 0 0 



0 0 1 
s+ = I 0 0 0 
0 0 0 


\ / 0 

0 

0 \ / 

< 

1 

0 

0 

0 ; s = 

/ \ 0 

1 

oj \ 

\ 

1 

0] ( 

; = 0 

0 

0 ; b = 

/ \ 0 

0 

0 / \ 


^00 
0 0 0 
0 0 -i 


( 2 . 2 ) 



There exists the second three-dimensional representation - antichiral representation V. In the 
basis 

00 

ei = S+ ■ 1 = -z - Y , 62 = V+ ■ 1 = 6 ' , 63 = 1 

the s£( 2 |l)-generators take the similar form as in chiral representation but <->■ ; b —>■ —b. 

We use the standard dehnition for the matrix of the linear operator A in the basis {e^} 




3 Yang-Baxter equation and Lax operator 

The Yang-Baxter equation is the following three term relation mma 

IRaiA2(w - v)MaiA3(w)®A2A3(^) = ^A2A3{v)^AiA3iu)RAiA2{u - v) 

for the operators MAiA ('^) : ^Ai < 8 ) Vk.. —Va. 0 Va... We start from the simplest solutions of 
Yang-Baxter equation and derive the dehning equation for the general M-operator IHIIISI. First 
we put Ai = A 2 = A 3 = (—|, —|) in Yang-Baxter equation and consider the restriction on the 
invariant subspace V ® V 0 V. We obtain the equation 


Mi2(m - v)Ri 3 {u)R 23 {v) = R 23 {v)Ri 3 {u)Ri 2 {u - v) 


4 


where the operator Mi 2 (m) acts on the first and second copy of V in the tensor product V® V® V 
and similarly for the other M-operators. The solution is well known muni 

^uiu) = U + P 12 

where P 12 is the (graded)permutation operator in V ® V. We choose the basis { 61 , 62 , 63 } in V 
so that 61,63 are even elements and 62 is odd element and our grading is: 1 = 3 = 0, 2 = 1. 
The permutation operator acts on the basis as follows 

Pl 26 i ® 6fc = {-ly^ek ® 6i 

and additional sign arises for 62 ® 62 only. Secondly we choose Ai = A 2 = ; A 3 = 

A = {i, b) and consider the restriction on the invariant subspace V ® V ® Va. The restriction 
of the operator Maia('^^) to the space V ® Va coincides up to normalization and shift of spectral 
parameter with the Lax-operator miiiaiisi 

L{u) : V ® Va ^ V ® Va 

and the Yang-Baxter equation coincides with the dehning equation for the Lax-operator 

Ruiu - n)L(^)(M)L( 2 )(n) = L( 2 )(i;)l(^)(m)Mi 2 (m - v) 

where L’^^)(-u) is the operator which acts nontrivially on the hrst copy of V and Va in the tensor 
product V ® V ® Va and is the operator which acts nontrivially on the second copy of 

V and Va- The solution coincides up to additive constant with the Casimir operator C 2 for the 
representation V ® Va muni 

L('u) = n-|-2s®S — 2b®B-|-v+® W_ -|- s+ 0 S_ — w_ 0 V+ -|- 0 V_ -|- s_ 0 S+ — v_ 0 W+ 

where s, b, s±, v±, wj- are s£(2|l)-generators in the chiral representation (j 2 . 2 jl and S, B, S±, V±,W± 
are generators in the generic representation. The algebra sl{2\l) has two three-dimensional rep¬ 
resentations - chiral V and antichiral V so that there exists the second Lax-operator 

L{u) : V 0 Va ^ V 0 Va ; R^iu - n)L(i)(M)L(2)(n) = {v)U^\u)Ru{u - v) 

The explicit expression for the second Lax-operator is the same but now s, b, s^., v^., wj. are 
s^( 2 |l)-generators in the antichiral representation V. In matrix form we obtain |141 IH] 


/ S -|- B -|- M 

-w_ 



1 S — B -|- M 

-v_ 


v+ 

2B + M 

V- 

; L(u) = 

w+ 

-2B + n 

w_ 

V 

W+ 

B — S -|- n / 


V 

v+ 

— B — S -|- M J 


Note the arising some additional signs due to grading. For example, we have v +62 = 61 but 
v+ 0 W _62 = —v+ 62 W_ = — 6 iW_ so that one obtains 

/ 0 1 0 \ / 0 -W_ 0 \ 

v +62 = 61 ^ v+ = I 0 0 0 j ; v+ 0 W _62 = — 6 iW_ ^ v+ 0 W_ = ( 0 0 0 1 

\ 000 / \ 000 / 
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We shall use the chiral Lax-operator L(u) in dehning equation for the general M-operator. The 
Lax-operator depends on three parameters u, i, b and we shall use the parametrization 

ui = u + b + t , U 2 = u + 2b , U 3 = u + b - z ] t = —^- , b = U 2 -^— 

The explicit form of the Lax operator L('Ui, M 2 ,'f^s) in the functional representation Va is 

/ zd + 9dg + Ml [dg + \9d) -d \ 

L(mi,M2 ,M3)= I L21 9 dg — 9 dg + U2 dg^ 9 d j ( 3 - 1 ) 

\ L31 L32 —zd — 9 dg -|- M3 / 


i_ _ / nn\ 1 

Z- —] dg — + ("*^2 ~ Ui)9 ; L32 = — ( Z -|- — J dg — 2^^^ “i" ("^3 ~ '<^ 2)9 

99 

L 31 = z^d -F z{9de 9dg) + (mi - u^)z + (mi M 3 - ‘^'^ 2 ) — 

There exists the useful factorized representation for the Lax-operator 

/I OOWmiD- -d \ ( 1 00\ 

L(mi,M2,M3)= -9 1 0 0 M2-I -D+ 9 10 ( 3 . 2 ) 

Vz+f -0 1/ Vo 0 M3 ) \-z + ^- 9 I ) 

where are covariant derivatives 

D" = -dg + ]^9d , D+ = -dg + ]^9d 

The L-operator is s0(2|l)-invariant by construction and as consequence one obtains the equality 


/I 0 0 \ 

M-^-L(m)-M = §-^-L(m)-§; § = e“^--e“^--e(^+'^)®- ; M= -a 10 

VA + f -a 1/ 

Finally we put Ai = (—|, —|) in Yang-Baxter equation 

IRaiA 2 (m - n)MAiA3(M)MA2A3(n) = RA2A3{'v)'^AiA3iu)RAiA2{u - v) 


(3.3) 


change the numeration of the representation spaces A 2 —>■ Ai = (£ 1 , bi) ; A 3 —> A 2 = (£ 2 , ^ 2 ) and 
consider the restriction on the invariant subspace V (8) Vai ® Vaj- In this way one obtains the 
dehning equation for the M-operator 


Li(m - v)L2{u)RaiA2{v) = MAiA2(n)L2(M)Li(M - v) 

The operator L^ acts nontrivially on the tensor product V® Va^. which is isomorphic to Y®<C[Zk] 
where = {zk,9k,9k) and the operator MAiA 2 ('f^) acts nontrivially on the tensor product Vai ® 
Va 2 which is isomorphic to C[Zi, Z 2 ] = C[Z’i] ® C[Z 2 ]. Note that obtained dehning equation is 
slightly diherent from the ones which was used in pp and [S]. The dehning equation which is 
similar to Hi is 

^AiA 2 (^ - u)Li{u)L 2 {v) = L 2 (M)Li(M)MX 3 A 2 (n - u) (3.4) 

There exists the well known automorphism of the Yang-Baxter equation MAiA 2 ('f^) ^®Ai\ 2 (~’^)- 
In the simplest s£{2) case we have M£^£ 2 ('w) ~ more complicated algebras 

the action of this automorphism is nontrivial. To proceed in close analogy with Hi we shall 
use the dehning equation (j3.4|l so that we derive the expression for the operator M)(^^\ 2 (m — m). 
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4 The general R-matrix 

It is useful to extract the operator of permutation 

Pi2 : C[Zi] ® CIZ2] ^ C[Z 2 ] ® C[Zi] ; Pi2^ (Zi, Z2) = ^ {Z2, Zi) 

from the M-operator — u) = Pi 2 MAiA 2 ('f^; and solve the dehning equation for the M- 

operator. The main dehning equation for the R-operator is 

R(m;u)Li(ui,U2,U3)L2(ui,U2,U3) = Li{vi,V2,V3)L2{ui,U2,U3)R{u;v) 

Ui = u + bi + ii , U2 = u + 2 bi , U3 = u + bi-ii ; Ui = u + 62 + ^2 , U2 = '^ + 262 , U3 = u + 62 - ^2 

The operator R interchanges all parameters in the product of two L-operators and similar to 
the s^(3)-case R-operator can be represented as the product of the simpler ’’elementary building 
blocks” - 7^-operators. 


Proposition 1 There exists operator IZi which is the solution of the defining equations 

TllLi{ui,U2,U3)L2{vi,V2,V3) = Li(ui, U 2 , M3)L2(wi, U 2 , 

TZi = 'JZi{ui\vi,V2,V3) ; 7 ^l(ul|^;l,U 2 ,^' 3 ) = -h A|ui -h A, U2 -h X,V3 -h A) 

and these requirements fix the operator TZi up to overall normalization constant 


(4.1) 


7^l 




^{Z2d2 + Ui - V 3 + 1) 

T{z2d2 4- Ui - U 3 + 1 ) 


(/l + ^ 2 < 96 » 2 ) 






Oiwz 


T{z2d2 + Ui- V3) 
T{z2d2 Ui - U 3 + 1 ) 
Jill „ Vt — V 2 


Z2de^dg^ 


■§i 




Ui - Vi 


Proposition 2 There exists operator IZ2 which is the solution of the defining equations 

7^2Li(Mi,U2,U3)L2(Ui,U2,U3) = Li( ui, U 2 , U3)L2(t’l, ^2, t^3)^2 (4.2) 

7I2 = 'R- 2 {Ui,U 2 \v 2 ,V 3 ) ; TZ 2 {Ui,U 2 \v 2 ,V 3 ) = TZfiUi + X,U 2 + X\v 2 A, U3 A) 

and these requirements fix the operator IZ2 up to overall normalization constant 


7^2 


—1 


[f2 + U12 ■ 0280^ + V23 ■ + {Zi2 + 0162)80^802 + {U2 — V2)920i80j^802 ' §2 


§2 = 


e 2 


Lai 


02^2 


d2 


j. U 21 V 23 
J2 — - ) ^12 — Ui 


U2 , V 23 =V2-V3 


V2 - U2 

Proposition 3 There exists operator IZ3 which is the solution of the defining equations 

Tl3Li{ui, U2, U3)L2 {vi, V2, V3) = Li(ui, U2, ^’ 3 )L 2 (t’l, ^ 2 , U 3)'^3 

"^3 = U2, 'U 3 |'a 3 ) ; "^3(1^1) U2, 'U 3 |'a 3 ) = ’^ 3 ('*^i + A, U2 + A, % -I- A|u3 -|- A) 

and these requirements fix the operator IZ3 up to overall normalization constant 


(4.3) 


7^3 


—1 


r( 2 ;i( 9 i + U 1 -V 3 + I) , a n \ , r( 2 ;i( 9 i + Ui - V 3 ) 

p/ o , -^ if 3 + 6180,) + ^ , - ——Zi80,80^ 

Vyz\8\ -\- Ui — 'U 3 -L 1 ) r(^iC/i Ui — 'U 3 -|- 1 ) 

& = ■ e^^'A" . eS 2 Wp . ^-(^2+^)sr . ^ U 2 - U 3 


■ S 3 


U 3 - V 3 
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Proposition 4 The "^-operator can he factorized as follows 


M(m; v) = Vi, U2, U2; V2, ^^ 3 ) 7 ^ 3 (^il, U2, M3; M3) 


There exist six equivalent ways to represent M in an factorized form which differ by the order of 
7?.-operators and their parameters. All these expressions and the proof of the factorization of the 
M-operator can be obtained using the pictures similar to p]. 

The defining system of equations for the 7?.-operator can be reduced to the simpler system 
which clearly shows the property of s^(2|l)-covariance of the 7^-operator. 


Lemma 1 The defining equation (O for the operator TZi is equivalent to the system of equations 
7^l [Li(mi,M2,M3) + L2(Mi,M2,M3)] = [Li (ui , M 2 , M 3 ) + L 2 (Mi, M 2 , M 3 )] 7^l (4.4) 


T^iZi — ziT^i , l^iOi — , T^i9i — OiTi-i 

7^l ■ (V 2 - + hSf) = {Vf + hSf) ■ 7^l (4.5) 

Lemma 2 The defining equation (El for the operator 7I2 is equivalent to the system of equations 
7^2 [Li(mi,M 2 ,M 3 ) + L 2 (Mi,M 2 ,M 3 )] = [Li (mi, M 2 , M 3 ) + L 2 (Mi , M 2 , M 3 )] 7^2 (4.6) 




2 


0 , 72.2^1 — ^ 1^2 


"^2 5 ^2 + 


O 2 O 2 


0 , 7^2^2 — ^ 2^2 


Lemma 3 The defining equation El for the operator TZ^ is equivalent to the system of equations 
"^3 [Li(Mi, M2, M3) + L2(Mi, M2, M3)] = [Li(mi, M2, M3) + L2(Mi, M2, M3)] TZ^ ( 4 . 7 ) 

77 . 32:2 = ^277-3 , 77 . 36(2 = 6 * 277.3 , 77 . 3^2 = ^ 277.3 

7^3 ■ (wr + 02 Sr) = (w^ + ^287) ■ 7^3 ( 4 . 8 ) 

The relations in the first line are simply the rules of commutation of 77.-operators with s^{2\l)- 

generators written in a compact form. In explicit notations we have for Ai = ( 61 , 61 ) and 
A 2 = ( 62 , 62 ) 

77. : 14^ 0 Va 2 ^ 44'^ 0 Va^ 

77.1 : A'^ = (61 — 4 ,61 + 4 ) ; ^2 = (^2 + 4 ) 62 — 4 ) ; 4 = —^— 

77.2 : A( = ( 6 i, 6 i — 4 ) ; 7V2 = (62,62 + 4 ) ; 4 = ^2 — M2 

77-3 : A'l = (61 + 4 ,61 + 4 ) ; 7V2 = (62 — 4 ) 62 — 4 ) ; 4 = —- 

The s6(2|l)-invariance of M-matrix follows directly from the properties of 77.-operators so that 
the general R-matrix — m) = Pi 2 MaiA 2 (m; m) is automatically s6(2|l)-invariant. 

Proof Now we are going to the proof of equivalence of defining equation (Q to the system dm) 
and derivation of explicit formula for the operator 77.3 ■ First we show that the system dm is 
the direct consequence of the eq. dm- Let us make the shift m*, —^ m^ + A , Mi —*• Mi + ^ , M 2 —>■ 










V2 + v , t’s —i’s + A in the defining equation dSD •The 7 ^-operator is invariant under this shift 
and L-operators transform as follows 


/1_00\ /O 00\ 

Li ^ Li + A ■ 11 ; L2 ^ L2 + A ■ 1 + (p - A) -62 0 0 + (z. - A) h 1 0 

V^2 + ^00/ V -^2^2 -O2 0 / 

After all one obtains the equation which contains the arbitrary parameters A , p and v and as 
consequence we derive the system (gH) and equation (gSl). Next we show that from the systems 
of equations (HU), (USD follows eq. dOl). This will be almost evident if we rewrite these equations 
in equivalent form using the s^( 2 |l)-invariance of the L-operator and the commutativity of TZ^ 
and Z2,92,92. We substitute the factorized representation (El for the operator L2 in the defining 
equation for the operator 

/ vi D2 -82 \ / vi -82 \ 

7 ^ 3 Li(Mi,ti 2 ,%)M 0 ^ 2-1 -D^ = Li(mi, W 2 ,^^ 3 )M 0 ^ 2-1 -D^ M"^ 7^3 

\ 0 0 V3 / \ 0 0 U3 J 

and perform the similarity transformation M“^ ■ ■ ■ M of this matrix equation using the commu¬ 
tativity TZs and Z2,92,92. Then using the s^( 2 |l)-invariance of L-operator (Id.dll 

/ 1 0 0 \ 

M-i ■ Li ■ M = ■ Li ■ § ; § = e^^W . ; M = -^2 1 0 

V ^2 + ^ -92 1 / 

we derive the equation for the transformed operator R = S ■ TZ^ ■ 

R-Li{ui,U2,U5)L{vi,V2,V3) = Li{ui,U2,V3)L{vi,V2,U3) ■ R ( 4 . 9 ) 

where 

/ Vi D2 —82 \ ( ^2 —82 + \ 

L(ui,'1)2, n3) = S ■ j 0 ^ 2-1 -D2 j ■ = j 0 n2 - 1 -D2 - Vf j 

\00V3/ \0 0 V3 J 

To derive the system of equations which is equivalent to the system dUZl), (EHI) written in terms 
of R we repeat the same trick with the shift of parameters and obtain the system of equations 


R ■ [Li(tii, U2, U3) + L(vi,V2, V3)] = [Li(tii, U2, V3) + L{vi,V2, %)] ■ R (4.10) 


R- Li(tii,ri2,M3) 


1 

0 \ 

/1 

0 

0 

1 

= Li(Mi,M2,n3) 0 

1 

0 

0 / 

\ 0 

0 


R 


(4.11) 


It is evident that all equations of the system (imu contained in the equation (ICTl except only 
one (12)-equation RWf = fTfR. We use the system of equation 


R- [Li{ui,U2,U3) + L{vi,V 2,V3)] = [Li{ui,U2,V3) + L{vi,V2,U3)] -R ; RWi = Wi R (4.12) 
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as defining system for operator R. This system is equivalent to the system (glD, dlSl). Returning 
to the system () 4 . 9 j) (it is the system () 4 .dj) written in terms of R) we note that it is possible to 
factorize the matrix diag(vi ;V2 — 1 ; 1) from the right 


, 1 -52 + a, \ (1 

R- Li(tii,M2,M3) 0 1 -Dt-Vr = 0 1 

0 0 V3 / V 0 0 

In comparison with (iron there are three new equations only 


-^2 + di 

-D+ - vr 

U 3 


R 


di 

R- Li(Mi,'ii2,M3) I -Rf I = Li(rii,M2,n3) I -Rf 


R 


( 4 . 13 ) 


V 3 


U 3 


Indeed the system () 4 . 12 j) contains the equations [R, D^] = [R, 82] = [R, W;^ ] = 0 and by 
conditions (lOTl) we obtain the three new equations. It is easy to check that these equations 
follow from the system (iroi) . Finally the systems of equations (imi) is dehning and it remains 
to hnd the solution. First of all [R, Z2\ = [R, 6*2] = [R, ^2] = [R, D^] = [R, ^2] = 0 and 
therefore the operator R depends on the variables zi, 6 i, 9 i only. For simplicity we use the 


natural transformation 

change Zi, 6 i, 6 i —>• z, 9, 9 and obtain the system of equations 

rdg = ; r [zd + 9dg) = [zd + 980 ) r ; r {98g - 98g) = [98g - 98g) r (4.14) 

r [z ^8 + z i98g + 98g) + z{ui - U 3 ) + 99{u3 - U 2 )) = 

= [z ^8 + z [98g + 98g) + ^('Ui - V 3 ) + 99 {v 3 - M 2 )) r (4.15) 

r {z8g + (m 2 - U 3 ) 9 ) = {z8g + (^2 “ ^^ 3 ) 6 ') T (4.16) 

r [-Z [8g + 98) + 998g + (m 2 - Ml)^) = (-Z [8g + 98) + 998g + (m2 - Ui)9) r (4.17) 


First of all the equation (glZD is not independent. It is the consequence of equations (H3D 
and v8g = 8gV due to commutation relation [S’'“,W“] = W^. The general solution of the 
equations (ITOD is 

r = ai[z 8 ] + h[z 8 ] ■ 98 g + c[z 8 ] ■ z 8 g 8 g 
The equations and (It:tT)D results in recurrence relations 


a[z(?] — a.[z8 — 1] = (m 2 — %) ■ c[z8] ; h[z8] = — — — ■ a[z5] 

U2 - U3 

c[z8 + 1 ] ■ {z8 + Ml — M 3 + 1 ) = {z8 + Ml — M 3 ) ■ c[z8] 
sl[z 8 + 1 ] • {z8 + Ml — M 3 ) + (m 2 — M 3 ) ■ c[z8 + 1 ] = {z8 + mi — M 3 ) ■ sl[z 8 ] 
sl[z 8 ] + b[z(9] • {z8 + Ml — M 3 ) — (m 2 — M 3 ) ■ c[z8] = sl[z 8 — 1 ] + {z8 + mi — M 3 ) ■ h[z8 — 1 ] 
The solution of these equations has the form 

^ r(za + Mi -M 3 + I) _ ^ M 3 -M 3 F(za + Mi-M 3 + l) 

^ ^ F(za + Mi-M3 + 1 ) ’ ^ ^ M2-M3F(za + Mi-M3 + l) 
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r on _ U 3 -V 3 T{zd + Ul-V 3 ) 

U 2 -U 3 T{zd + ui-U 3 + I) 

Collect everything together we obtain the expression for the operator 7^3 from the Proposition. 
All calculations for the operator 7^i are very similar. 

It remains to prove the equivalence of dehning equation (03) to the system (03 and derive 
the explicit formula for the operator 7 ^ 2 - First we show that the system (03 is the direct 
consequence of the eq. (03- Let us make the shift Ui —>■ Ui + X , U 2 ^ U 2 + X , M 3 —>■ 
M 3 + /i , Ml —>• Ml + 1 / , M 2 —> M 2 + A , M 3 —> M 3 + A in the defining equation (03 for the operator 
TZ 2 - The 7^-operator is invariant under this shift and L-operators transform as follows 

/O 00 \ / 1 _ 00 \ 

Li ^Li + A-]l + (/i-A) 0 0 0 ; L 2 ^L2 + A-]1 + (m-A) -62 AO 

\-zi + ^ 61 1 J + 0 0 / 

After all one obtains the equation which contains the arbitrary parameters A , p and u and as 
consequence we derive the system (03. Next we show that from the systems of equations (03 
follows eq. (03. This will be almost evident if we rewrite these equations in equivalent form using 
the s^(2|l)-invariance of the L-operator and the commutativity of 7^.2 and zi — ^^, 9i, Z 2 + ^^, O 2 . 
First of all it is useful to make the transformation 

7^2 = ■ R ■ § ; § = e^^i ■ e'^^^ 

so that R commutes with zi, 9 i,Z 2 , ^2 now. The corresponding transformation for the L-operators 
can be easily derived using factorized representation 03 . Next it is possible to make the two 
similarity transformations of the defining equation 03 using simple matrices which commute 
with operator F. After all these transformations the defining equation 03 for the F-operator 
in factorized form looks as follows 

/ 1 0 0 \ 

R-1i(mi,M2,M3)-M-12(Mi,M2,M3) = 1i(Mi,M2,M3)-M-12(Mi,M2,M3)-R; M = -92 _ 10 

\ —Zi 2 — 9i92 6*1 1 y 

/ 1 0 0 A / Ml -dg^ -di A / 1 0 0 A 

1i(mi,M2,M3) = -6*1 1 0 0 M2 - 1 dg^-9idi 6*1 10 

\ooi/\o 0 m 3 y\ooi/ 

/ 1 0 0 A / Ml -dg^ + 6*2^2 -<92 \ / 1 0 0 A 

l 2 (Ul,M 2 ,M 3 )= 0 10 0 M 2 -I 0 1 0 

\ 0 -02 1 / V 0 0 M 3 / V 0 02 1 / 

Next step we rewrite the defining equation for the transformed operator 

in the form 

r ■ Li(mi, M 2 , M 3 )mL 2 (Mi, M 2 , M 3 ) = Li(mi, M 2 , M 3 )mL 2 (Mi, M 2 , Ms) ■ r (4.18) 

where 

/ U 1 -I + 9idg^ -ds^_ -di 

Li(mi, M 2 , Ms) = (m 2 - Mi)0i U 2 -I + 9idg^ dg^ - dg^ - 02c7i 

\ 0 0 Ms 
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/ Vl —dg^ + dg^ + 6182 —82 

L 2 (Vi,i’ 2 ,^^ 3 ) = 0 V2 - 628g^ -8g^ 

\ 0 {Vs- V 2)92 V3 - 6280^ 

To derive the system of equations which is equivalent to the system (USD written in terms of r 
we repeat the same trick with the shift of parameters and obtain 

r- [Li(Mi,n 2 ,M 3 )m +mL 2 (ni,n 2 ,n 3 )] = [Li(tii, ^2, n 3 )m + inL2(ni, ^2, ^^3)] -r ( 4 . 19 ) 

This system results in a simple equations 

r {8g^ - 9 i 8 i) = {8e^ - 6181) r ; r [8g^ - 6182) = {8g^ - 6182) r ; r(ai + 82) = {81 + 82)r ( 4 . 20 ) 


r {8280^ + {zi2 + 9162)82) = {6280^ + (2:12 + 9162)82) r ( 4 . 21 ) 

r (^1^01 + (2^12 + 9162)8^^ = { 9 i 8 g^ + {zi2 + 6162)8]^ r ( 4 . 22 ) 

r { 9 i 8 g^ - 6280^) = { 9 i 8 g^ - 6280^) r ( 4 . 23 ) 

r ((2^12 + 6162)80^ + {u2 — Wi)^!) = ((2:12 + ^i^ 2 )^e 2 + {'^2 — Wi)^i) r ( 4 . 24 ) 

r ((^12 + 9162)80^ + (^3 — ^2)^2) = ((^12 + 9162)80^ + (^3 — ^2)^2) r ( 4 . 25 ) 


Returning to the system (ITOD fit is the system dOI) written in terms of r) we note that it is 
possible to factorize the matrix diag{vi] 1 ; 1 ) from the right and the matrix diag{l] 1 ; M 3 ) from the 
left so that vi, M 3 -dependence disappear from equation. The obtained system of equations is the 
consequence of the system (B3nil - (B3Kll . The proof is by direct calculation. Now we are going to 
the solution of the dehning system of equations. The general solution of equations (lOnil - dOHll 
has the form 


r — a + b ■ 6380 ^ + c ■ 6280 ^ + d ■ {zi 2 + 6162 ) 80 ^ 80 ^ + e ■ 6162 ■ 80 ^ 80 ^ 
where a, b, c, d, e are some constants. The equations (Oil and (01 £x these constants 

( m 2 - Ui){v2 - V3) 


a = 


■ d ; b = (n 2 - ^ 3 ) ■ d ; c = (mi - M 2 ) ■ d ; e = (m 2 - M 2 ) ■ d 


M2 - M2 

Collect everything together we obtain the expression for the operator 7^2 from the Proposition. 


5 Conclusions 

We have shown that the general R-matrix can be represented as the product of the simple ’’build¬ 
ing blocks” - 7?.-operators. In the hrst paper jl] we have demonstrated how this factorization 
arises in the simplest situations of the symmetry algebra s£{2) and s.^(3). In the present paper 
we have showed that the same factorization take place for the R-matrix with supersymmetry 
algebra s£{2\l). It seems that this phenomenon is quite general and all results can be generalized 
to the symmetry algebra s£{n) and to the supersymmetry algebra s£{n\m). 
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Appendix 


In this Appendix we calculate the matrix elements of the 77.-operators and as consequence obtain 
the matrix elements of R-matrix. It is additional check of the main results and after all we 
recover the formulae from the paper [S]. 

All lowest weights in the space ® divided on two sets. There are the even 

lowest weights 


= I Z 


02 


± 2 ^ 12^12 


= 0 , S^^ = (n + £^+ £2)^^ , = (61 + 62)$ 


± 


and the odd lowest weights 




12^121 




12 ^ 12 ) 


= 

n 


n -\- £i £2 -\- 


, Bmi 


^61 -|- 62 ± 





± 

n 


In this section we shall calculate the action of 77.-operators on these lowest weights. 


Operator IZi 


We have factorized representation for the operator TZ^ 

F(2;i(9i + Ui - U 3 -fl) fu2-U3 


, n o 1 , ^{zidi+Ui -V3) 

+ ^ 1^61 ) + -n / n —TT- 1 —• 


77.3 ~ S3 ■r3-S3 , r3 — -p/ o I I 1 ^ V ' / ' p/ o I I 1 ^ 

F(ziai -f Ui — U3 -f 1) \ti3 — U3 / F(2;iai -|- Ui — M3 -|- 1) 

In the explicit form the action of the operators S 3 and S 3 ^ is 

02^1 ^ 1^2 


§ 3 $ (zi, 6 * 1 , 6*11 Z 2 , ^ 2 , ^ 2 ) — ^ 2:1 + Z 2 + 


01 + 02, 01 02122, 02, 02 


^3 (a, 01, 011^2, 02, 02 ) — $ ( 2i — Z2 H- Z -1- Z - 0201, 01 ~ 02, 01 ~ 02^2, 02, 02 


First we calculate the action of S 3 

S3$+ = 2 r; §3$;; = ( 2 i- 0 i 0 i)” 

then the action of r 3 

„ M 2 - M 3 r(u -h Ml - U 3 -f- 1 ) „ 

I '3 • 2 i = -—-r ■ Z, 

M3 - M3 F(m -F Ml - M3 -Fl) 

/ M2-M3F(n + Mi-M3) . 1 F(m + Mi-M3) 

r3-(21-0101) =-FTW-r-(21-0101) + (^2 - ^i)- 


U3- V3T{n + Ui - M3) 


T{n + Ui-U3 + 1) 
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and finally action of S 3 


= SJ’ . zl i 4; = SJ’ {z, - OA)' 


so that one obtains 


" U3 -'(^3 r(n +'Ui -'((3 + 1) " 

R,. 4- = ^z-vzr(n + uz-vz) . j,- , ^(n + «, - ..3) . 

’ ” M3-f3r(ll. + t<, -us) ” ' ’ r(n + Ui - U3 +1) ” 

For the odd lowest weights all is simpler 

S3VI/+ = S3d/; = 01 • 

r- . 0 - ^ 2 -%r(n + ^i -^3 + 1) _ . .a ,n_ U 2 - V 3 T {u + Ui - + 1) _ 

1^3 F'/' I I 1 ^ t'lZ^ , uiZ^ 

U3 - V3 L [n + Ui - U3 + 1) U3-V3L[n + Ui-U3 + 1) 

and hnally we have 

7 ^^.i[i+^ ^ 2 -%r(n + ^i-n3 + l) ^ ^^-^ ^2-t^3r(n + ^i-z;3 + l) _ 

-Us - 1)3 r(n -h-Ul - M 3 + 1 ) Ms - Ms r(n Ml - Ms + 1 ) "■ 


Operator 7^2 

We have factorized representation for the operator 7^2 

7^.2 ~ S“^ ■ r 2 ■ S 

r2 = (m 2 —Mi)0i2(9e2 + (m 2 — M3)0i2l90j + {Zl2 + (^1^2)dQ dg^ + (m2 — M 2)012012*901 ^02 

V 2 -U 2 

In the explicit form the action of the operators S and S“^ is 

( 0 0 - 0 0 - \ 

Zl H-—, 01, 0112^2 -—, 02, 02 j 

( 0 0 - 0 0 - \ 

Zl - 01 , 0112:2 H- 02 , 02 J 

First we calculate the action of S 


S*!*^ — (2:12 + 0102 + 012012) ; S<h^ — (^12 + 0102) 


then the action of r 2 


rs- (2,3 + eA + 9 i2 «12)” = ■ (‘12 + «1«2 + «12Sl2)" ” (u, -U3 + ") ’ {^12 + OA)’ 

r2 ■ (2.2 + OA)" = . (zn + 

V 2 -U 2 
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and finally one obtains 

K, . 4 + = (^2-vMv,-u,) 


■ - (“1 -1'3 + n) ■ ; ^2 • <*„ = ———— ■ ®; 


V2 — U2 V2 — U2 

For the odd lowest weights all is simpler 

= ^12 ■ (^12 + ^ 1 ^ 2 ) ; = 612 ■ (^12 + 6 * 1 ^ 2 ) 

r 2 ■ 012 ■ (^12 + 0102 )" = ^ 

V 2 -U 2 

r 2 ■ 012 ■ (;^12 + 0102 )" = (^ 2 -« l )(^ 2 - t ^ 3 ) _ ^ 


V 2 - U 2 


and hnally we have 


n ,. k: = - "-X”^ - . k: ; n ,. ^ . k;. 

V2 -U2 V2- U2 

Operator IZi 

We have factorized representation for the operator IZi 

^ S-l S _ r( 2 ; 2'92 + Wl -^ 3 + 1 ) /^^l -^^2 r (^252 + Ml --^3) 

7^1 ~ ■ri-Si;ri = ————-WIT (-^ ^2^192 1 ~ w—WT-WIT' 

r(-22(22 + W -'i ^3 + 1) V'^l “ W / T[Z202 +Vi - V'i + l) 

and the action of the operators §1 and explicit form is 

( a Q a Q Q a 

Wj 01) 0i|w + W H-^-1-^-^) 02 + 01, 02 + 01 

( Q a Q a \ 

Zl, 01, 0l|;^2 - W - ^ - ^ + 0201, 02 - 01,02 - 01 j 

First we calculate the action of §1 

§ 1 $+ = {-Z 2 T ; Sl<^>n = {-Zl - 0202)" 

then the action of ri 

r. . (- 32 )" = - ^'3 r(»+ 3 + 1 ) . 

Ui - Vi L [n + Vi - V3 + 1 ) 

f aa\^ ui-V2T{n + ui-V3) 2 n n , r \ r{n + ui-V 3 ) , 

ri -(-^2 - 0202 ) =-^TTWWT—WY-H 2 - 0202 ) + (^^ 3 -t^ 2 ) ■ 7^7—-—^-(-^2) 


Ui - Vi F(n + Vi- V 3 ) 
and hnally one obtains 


F(n + Ui - 1)3 + 1) 


K,.«,+ = '’i-”ir(" + «i--<’3 + i) , ^,3 

'^1 T'/ I I 1 \ 

■ui — ui f (n + ui — ^3 + 1 ) 

R, ■ ~ r(n + ... - ^ ^ r(n. + u. - 3 , 3 ) _ ^ 


Ml - Ml F(n + Ml - M3) 
For the odd lowest weights we have 


7^l • d/+ = 


Ml - M2 F(n + Ml - M3 + 1) 
Ml - Ml F(n + Ml - M3 + 1) 


• • 7^1 • \h“ = 

5 '^1 


F(n + Ml - M 3 + 1) 


Ml - M2 F(n + Ml - M3 + 1) 
Ml - Ml F(n + Ml - M3 + 1) 


■ 
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Operator R 

The matrix elements for the M-operator are obtained from the matrix elements of 7?.-operators 
by the formula 


R{u; v) ~ TZi{ui] Vi, M2, M3)7^2(^^l, ^2; V2, ^i3)7^3(Ml, U2, U3; V3) 

The result of calculations is the following 

~ R. - «i) ■ + + ■ 4.1 + (u, - V,) ■ r(y +«.--3 + l) , 


r(n + Ml - M3 + 1) 




R- (m2 - Mi)(m2 - M3) ■ 


T{n + Ui-V3) r(n + Mi-M3) 


r(M + Ml - M 3 ) 


■ <h- + C ■ 


r(n + Mi - M3) 

■ 


r(n + Ml - M3 + 1) 


where 


C = (m2 - M3)(m2 - M3)(mi - Mi) + (m2 - Mi)(Mi - Ms) (M3 - M3) + (mi - Mi)(m 2 - Ms) (M3 - M3) 


~ R ■ (m2 
~ R ■ (ms 


Mi)(m2 - M3) • 


r(M + Ml 
r(M + Ml 


U3 + 1) " 


Mi)(m2 - M3) ■ 


r(M + Ml 
r(M + Ml 


I 1 \ ^ 

U3 + 1 ) 


We extract the common normalization factor 


(m2 - Mi)(m2 - M3) 

(Mi - Mi)(m2 - M2)(m3 - V3)' 


After substitution of parameters in explicit form 


Ui = U + bi+ii , Ml = M + fes + ; Ms = M + 261 , Ms = M + 263 ; U3 = U + bi-ii , M3 = M + 63 - ^2 

we recover the formulae for the matrix elements of R-operator from the paper jH] . 
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